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A CHEEGER TYPE FINITENESS THEOREM FOR FINSLER 

MANIFOLDS 

WEI ZHAO AND YIBING SHEN 


Abstract. In this paper, we mainly establish a Cheeger type finiteness theo¬ 
rem for Berwald manifolds. In order to do this, we study the injectivity radius 
and the convex radius of a Finsler manifold. A Cheeger type estimate on in¬ 
jectivity radii for Finsler manifolds is given and the existence of the center of 
mass of a Berwald manifold is proved. 


1. Introduction 

The estimate of injectivity radius plays an important role in global differential ge¬ 
ometry. For a compact Riemannian manifold, Klingenberg [Klj gives a lower bound 
for the injectivity radius in terms of an upper bound for the sectional curvature 
and a lower bound for the length of simple closed geodesics. And Cheeger in [Chej 
points out there exists a lower bound for the length of simple closed geodesics, which 
together with Klingenberg’s result yields a positive constant Cn{k,D, V) such that 
if an arbitrary compact Riemannain n-manfiold satisfies |Km| < k, diam(M) < D 
and Vol(M) > F, then the injectivity radius \m > Cn{k, D,V). Eight years later, 
Heintze and Karcher in [HK] give the explicit expression of c„(fc, D,F) by their 
volume comparison theorem. Refer to [AMI IChal IPP] for more details. 

Finsler geometry is just Riemannian geometry without quadratic restriction. It 
is an natural question that whether an analogue of the above estimate still holds in 
the Finslerian case. To answer this question, we introduce some non-Riemannian 
geometric quantities first: Given a Finsler manifold, let Ap and Tjv/ denotes its 
uniformity constant and T-curvature, respectively (see mu or Sect. 2,3 for the 
definitions). It should be remarked that Af = 1 if and only if F is Riemannian, 
while Tm = 0 if and only if F is Berwalden. We then shall establish the following 
estimate. 


Theorem 1.1. Let (M, F) be a compact Finsler n-manifold with |Km| < k, Tm < 
T, Ap < A, diam(M) < D and > V, where p.{M) is either the Busemann- 

Hausdorff volume or the Holmes-Thompson volume of M. Then 
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The theorem above not only implies the estimate in the Riemannian case, but 
also points out that the injectivity radius is inversely proportional to the uniformity 
constant. In fact, we have the following non-Riemannian example. Also refer to 
[Z2] for more examples. 

Example 1. Define a sequence of Berwald metrics on x by 



where a is the canonical Riemannian product metric on T^, and ,5 is a parallel 
1-form on with ||/3||a = 1- Then {(T^,F„)}„ satisfy 


K„ = 0, diam„(T2) < 2{V2 + 1)^, = 47r^, 


where /i„ is the Holmes-Thompson volume of (T^,Fn). However, the injectivity 
radius i„(T^) 0 while the uniformity constant A„ -|-oo as n —>■ -l-oo. 

From above, one can see that a Berwald manifold cannot collapse if we control 
the lower bound of the volume, the upper bounds of the diameter, the uniformity 
constant and the bounds of the flag curvature. Thus, according to |Chel IPej . it is 
an natural question that whether the class of such Berwald n-manifolds is finite up 
to homeomorphism or diffeomorphism? The answer is affirmative. In fact, we shall 
establish the following Cheeger type finiteness theorem. Refer to [5| lYZl IZl) for 
other finiteness theorems for Finsler manifolds. 

Theorem 1.2. Given uGN, A>l,k>0 and V^D > 0, there exist only finitely 
many diffeomorphism classes of compact Berwald n-manifolds {M, F) satisfying 


Af < A, |Km| < k, /i(M) > F, diam(M) < D, 


where yi{M) is either the Busemann-Hausdorff volume or the Holmes-Thompson 
volume of M. 

The arrangement of contents of this paper is as follows. In Sect. 2, we brief some 
necessary definitions and properties concerned with Finsler geometry. In Sect. 3, 
a Finslerian version of Klingenberg’s theorem is established and Theorem 11.11 is 
proved. In Sect. 4, we estimate the convex radius and study the center of mass of a 
Berwald manifold. Theorem 1.2 is proved in Sect. 5 by a generalized Peter’s lemma, 
and the latter is proved in Sect. 6. In App. A, we give some estimates for Jacobi 
fields on Finsler manifolds. In App. B, we study the parallel transformations on a 
Berwald manifold. 


2. Preliminaries 


In this section, we recall some definitions and properties about Finsler manifolds. 
See [BCSlIS] for more details. 

Let {M,F) be a (connected) Finsler m-manifold with Finsler metric F :TM ^ 
[0,oo). Define S^M := {y G T^M : F{x,y) = 1} and SM := U^^mSxM ■ Let 
{x,y) = (a;*,!/®) be local coordinates on TM. Define 



1 d‘^F'^{x,y) F d^F‘^{x,y) 

2 dy '- dy ^ ’ 4 dy '- dy ^ dy ^' 



n; := ■ f 
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The Chern connection V is defined on the pulled-back bundle 'k*TM and its forms 
are characterized by the following structure equations: 

(1) Torsion freeness: dx^ Aw* =0; 

(2) Almost ^-compatibility: dgij — gkj^i — gikOj’j = 2^^{dy^ + N^dx‘). 


From above, it’s easy to obtain w j = ^kdx, and = ^kj- 


It should be 


remarked that T^^ = Tl.-{x,y) is a local smooth function on SM. In particular, F 


kj 


dTl 


is called a Berwald metric if = 0. 

dy‘ 

The curvature form of the Chern connection is defined as 


fi; := duj] - wj’ A wt =: \r\ 


1 k , / ™ , k dy^ Nldx^ 

,dx^ A dx^ + Pj i^idx^ A - 


2^''j kl '— ■ ' — ■ - j Ki — ■ ■ p 

Given a non-zero vector V S T^M, the flag curvature K{y, V) on {x, y) G TM\0 is 
defined as 

K(u y) ■=_ v^y^Rpkiy^v^ _ 

9y{y.y)9v{V.V)-[gy[y,V)r 

where Rpu := gisRjki- 

The reversibility Xf and the uniformity constant Af of {M,F) are defined as 

n-X) . „ „ 9x{Y,Y) 

Ap ■ = 


Xf-.= sup 

X£TM\0 ^ 1^1 


sup 

x,Y,zeSM gz{Y,Y) 

Clearly, Af > 1 with equality if and only if F is reversible, and Af > 1 with 
equality if and only if F is Riemannian. In particular, Xp < ^/Af- 
The Legendre transformation C : TM ^ T* M is defined by 

0, r = 0, 

5 y(r,.), Y^o. 

For each x £ M, the Legendre transformation is a smooth diffeomorphism from 
Ta^M\{0} to T*M\{0}. 

The average Riemannian metric g induced by F is defined by 

^ ^ gy{X,Y)dp,{y), yX,Y £T,M, 


C{Y) = 


where Vol(a:) := dv^iy)- 


’Sa,M 


3. The injectivity radius of a compact Finsler manifold 

For a general Finsler metric, the Legendre transformation is non-linear but only 
positive homogeneous. First, we show the following result, which is claimed in [R2] 
without proof. 

Lemma 3.1. Let (M,F) be a Finsler n-manifold. Given three distinct vectors 
X,Y,Z € SpM, we have 

dim{IF G TpM : Cx{W) = Cy{W) = Cz{W)} < n - 2. 

Proof. Set A := Cx, B ■= By and C := Cz- After choosing a basis for TpM, we 
can view A,B,C as three vectors in (R", (•,•)), i.e., Cx{W) = {A,W), where (•,•) 
is a standard Euclidean inner product. Consider the solution space S of following 
system: 


{{A-B),W) = Q, 
{{A-C),W) = Q. 
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Clearly, 5 = (A — B)^ fl (A — C)-*-, where (•)■*■ denote the orthogonal complement 
of (•) in (R”, (•, •)). Since C is injective, dim(5) < n — 1. 

Suppose that dim(5) = n — 1. Thus, 5 = (A — B)-^ = (A — C)^ and hence, 
there exists a nonzero constant a such that A — B = a{A — C). Clearly, a^\. 
Case 1. Suppose a > 0. Since (a — \)A = aC — B, we can assume that a > 1. 
Thus, 

a - 1 = F{{a - 1)A) = F{aC - B) > aF{C) - F{B) = a-l. 

Then the triangle inequality [BCSl Theorem 1.2.2] yields aC — B = f3B^ where 
/3 > 0. Hence, a = 1 + /3 and C = B, which is a contradiction. 

Case 2. Suppose a < 0. Thus, (|a| + 1)A = |a|C + B and 

|a| + 1 = F((|a| + 1)A) = F{\a\C + B) < \a\F{C) + F{B) = |a| + 1. 

The same argument as above yields C = B, which is a contradiction as well. 

Therefore, dim(5) < n — 2. We are done by 5 = {W G TpM : Cx{W) = 
Cy{W)= Cz{W)}. □ 

Let (M, F) be a compact Finsler manifold. There exist two point p and q such 
that 

vm = d{p, q) = d{p, Cutp). 

Let 'Yy(t), 0 < t < d(p,q) be a normal minimal geodesic from p to q. Then q is 
the cut point of p along If g is not the first conjugate point of p along y^, 
[BCSl Proposition 8.2.1] implies that there exists another distinct normal minimal 
geodesic yu,(t), 0 < t < d{p,q) from p to q. If F is reversible, Shen [S] Lemma 
12.2.5] shows that jy{d{p,q)) = —^w{d[p,q)). If F is nonreversible, Rademacher in 
[R2] obtains the following result. 

Lemma 3.2 1 [R,2| L There exists a local hypersurface FI with q G H such that 
for each smooth curve a : (—e, e) ^ F[ with cr(0) = q, there are two geodesic 
variations Cy^s, Cu,.s : [0,d(p,g)] -)> M with Cy^s{d{p,q)) = Cw^s{d{p,q)) = cr(s), 
L{c.y^s) = L{cn,,s), and Cy^aft) = ^y{t) and Cu,,oit) = ^w{t). 

Remark 1. The first variation formula [BCSl p.l23] together with Lemma 13.21 
yields that t^'yy{d{p,q}) = ~^i'w{d(p,q)) is a unit normal vector of TqN. However, if F 
is nonreversible, one cannot deduce ■jy{d{p,q)) = —yu,(d(p, g)), since the Legendre 
transformation is non-linear. 


In the following, we use a method of Rademacher [R21 IR3j to show the following 
theorem, which is a Finslerian version of Klingenberg’s theorem. 

Theorem 3.3. Let (M,F) be a compact Finsler manifold with Km < k. Then 
f TT 1 

xm > min <-;=, - -— the shortest simple closed geodesic in M 

XXpVk 1 + Af 

In particular, the equality holds if F is reversible (i.e., Xp = !)■ 

Proof. Step 1. As in |RniR2] , set 

ip := mi{d{p,q) : q G Cutp}, Xm ■= inf ip, 


peM 


where d{p,q) := \{d(p,q) + d{q,p)). Clearly, 


l + X 


-1 


-Im < Im < 


(1 -I- Xp). 


iM- 


2 


2 


(3.1) 
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Given a closed geodesic c{t), 0 < t < 1, let c(to) denote the cut point of c(0) along 
c. Then we have 


L{c) = d{c{0),c{to)) +L{c\ita,i]) > d(c(0),c(to)) + d(c(to), c(0)) > 2iM- (3.2) 

Hence, together with (13.21) implies that in order to prove the theorem, we just 
need to show that there exists a simple closed geodesic c with L{c) = 2iM in the 
case of iM < . 

Step 2. Suppose im < construct a simple geodesic loop c (based 

at c(0)) with L(c) = 2 i^. Since M is compact, there is a point p € M with ip = \m- 
Let q be the point in Cutp with d{p,q) = ip. Since 


d{p, q) < 


(1 + ) 


znTd(j),q) = 


(1 + A_p ) 




q is not the conjugate point of p. Thus, there exist two distinct normal minimal 
geodesics Ci(t) and C 2 (t), t G [0,(i(p, g)] from p to q. Let C 3 (t), t G [0,d((7,p)] be a 
normal minimal geodesic from q to p. 

The proof of |R,21 Lemma 9.4] implies that ci * C 3 or C 2 * C 3 is smooth at q. For 
completeness, we give a sketch of this proof. Suppose that neither ci * C 3 nor C 2 * C 3 
is smooth at q. That is, c[{d{p,q)) ^ 03 ( 0 ) and C 2 {d{p,q)) ^ 03 ( 0 ). It follows from 
Lemma IQ that 


dim{IF G TqM : Cc{{d(p.q)){W) = Cc'^(d{p,q)){W) = £c^(o)(IF)} < n - 2. 

Denote by H the hypersurface though q as in Lemma 13.21 Since dimH = n — 1, 
Lemma [3T] implies that there is a n G TgN such that for i = 1 or i = 2, 

d^c'.{d(p,q)){'v) 7 ^ 

Without loss of generality, we assume that 1 = 1. Set 

c(t) = Cl *C 3 (t), t G [0,d{p,q) + d{q,p)]. 

Let i(s), s G (—e, e) be a smooth curve in H with t(0) = q and t'(0) = v. Let Ci^s{t), 
s G (—e, e), t G [0, d{p, g)] be the geodesic variations defined as in Lemma 15^ Let 
C 3 ,s(t), s G (—e, e), t G [0,d{q,p)] be the minimal geodesic variation from i(s) to 
p. Consider the variation Cs(t) := Ci_s * C 3 ^s(t), s G (—e, e), t G [0,d(j>,q) + d{q,p)]. 
The first variation formula then yields 

L{cs) = gc’^(o){c3{0),v) - gc[{o){c'i{,0),v) ^ 0 . 

Without loss of generality, we can assume that L(cs) < 0 (otherwise, consider 

i(—s)). Then there exists sq > 0 such that L{cso) < L{co) = L{c). None of Ci,so(t), 
* = 1, 2 is minimal on [0, d{p, q) + e] for any £ > 0, since Ci^so {d{p, q)) = i(so)- Then 
there is to G iQ,d{p,q)] such that qi = ci^soito) is the cut point of p along ci_so(0- 
Clearly, d{p,qi) = L(ci,s|[o,to]). Thus, 

2d{p,qi) =d{p,qi) + d{qi,p) < d{p,qi) + d{qi,L{so)) + fi(t(so),p) 
=I-(ci,sol[0.io]) + d{qi,L{so)) + d{i,{so),p) 

— '^('" 1,80 I [ 0 .to] ) -^('" 1,80 I [to,d(p.9)]) -^(*"3,So) 

=i(ci,so) + ^(c3,so) = ^(cso) < L{c) = 2d{p,q), 


A. 

ds 
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which contradicts the definition of q. Hence, ci *03 is smooth at q and therefore, c is 
a geodesic loop based at p though q with L{c) = d{p, q) + d{q, p) = 2d{p, q) = 2 in¬ 
step 3. We now show that c = Ci * C 3 is a closed geodesic. From above, one see 
that c(t), t € [d{p, q), 2 Xm] is a minimal geodesic from q to p. 

The continuity of the cut value [BCSl Proposition 8.4.1] implies that for a small 
positive number e{< d{p,q)), there exists S (c?(p, g), 2 Im) such that q^ = c{te) is 
a cut point of = c{s) along c{t). That is, c|[e_t^] is minimal. Hence, 

2iM < 2d{pe,qe) = d{pe,qe) +d((7e,Pe) < d{pe,qe) +d{qe,p) +d{p,Pe) (3.3) 

= d(Pe, q) + d{q, qe) + d{qe,p) + d{p,ps) 

= d{p,Pe) + d{pe,q) +d{q,qe) + d{qe,p) 

= d{p,q) + d{q,p) = L{c) = 2 xm, 
which implies that (see (13.31) 1 

d{qe,Ps) = d{qe,p) + d{p,Pe) = L{c3\lt^-d(p,q),d(q,p)]) + i(ci|[ 0 , 6 ])- 
Hence, c = Ci * C 3 is smooth at p. □ 


In [5], Shen introduces T-curvature, which is an important non-Riemannian 
quantity. However, the definition of the bound on T-curvature seems a little com¬ 
plicated. For convenience, we give a new definition of the bound on T-curvature. 
Also refer to (Sj IZ2) for more details. 


Definition 3.4. Given y,v G T^M with y ^ 0, define the T-curvature T as 
T,(z;) ■.= gy{vXv,y)-gy{vXV,y), 
where V (resp. V) is a vector field with 14 = w (resp. = y)- Set 
Tp := sup |Ty('!;)|, Tm := sup Tp. 

y,veSpM peM 


Clearly, for a compact Finsler manifold, Tm is finite. And Tm = 0 if and only 
if F is Berwalden. By the proof of |Z2[ Theorem 1.1], we have the following result. 


Theorem 3.5. Let {M,F) be a compact Finsler n-manifold with Km > k, Tm 4 
T, Ap < A and diam(M) < D. Then for any simple closed geodesic 7 , 


Lin) > 


p{M) 


. on 

.- 2 A- 




n—1 


-H A2 r/j 


D n—1 


(t)dt 


where p{M) is either the Busemann-Hausdorff volume or the Holmes-Thompson 
volume of M and c „_2 := Vol(§"“^). 


Theorem 13.31 together with Theorem 13.51 then yields Theorem 11.11 


Remark 2. By Theorem 13.31 and the standard arguments (see [AMIIPP] !. one can 
show the following result, which is an extension of the results in [Kll IR21IR3] . 

Let (M, F) be an even-dimensional, compact Finsler manifold with 0 < Km < k. 
(1) If M is orientable, then 


Im > 


ConjM 

Xp 


TT 

Xp\/k 


In particular, if F is reversible, then Im = ConjM- 
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(2) If M is not orientable, then 


TT 


Af(1 + XF)Vk 


4. The convex radius of a Berwald manifold 


Recall that a subset A G M is called strongly (geodesically) convex if for any 
p,q € A, there exists a geodesic Gpq such that Gpq is the unique minimizer in M 
from p to q, and 7 pg is the only geodesic contained in A from p to q. 

Definition 4.1. Let (M, F) be a forward complete Finsler manifold. The convexity 
radius at a point x £ M is defined by 

Conva; := sup{r > 0 : (s) is strongly convex for any s < r}. 

And the convexity radius of {M,F) is defined by Conv(M, F) := inf^jgM Conva;. 

In [S], Shen estimates convexity radii in the reversible Finslerian case. Here, we 
give an estimate on the convexity radius of a Berwald manifold. 

Theorem 4.2. Let {M,F) be a forward complete Berwald manifold with Km < k, 
Im > “T and Xp < X. Then 



Proof. Choosing an arbitrary point x £ M and any r £ (0,min{^^, ypijTq}), we 
now show that Bft (r) is strictly convex. 

For each two points pi,P 2 £ let 7 pip 2 (i), 0 < t < I denote a normal 

minimal geodesic from pi to p 2 ■ Since 

I = L{jp^p^) < d{pi,x) + d{x,p 2 ) < X ■ d{x,pi) + d{x,p 2 ) < ^/A, 

7 pap 2 is the unique minimal geodesic from pi to P 2 and hence, p{ ) := d{x, ■) is 
smooth on 7 pip 2 ([ 0 ,^]) — {a;}. 

Fix a point p £ Bf'(r) and set 


COp := {q £ B+(r) : 7pq([0,l]) C B+(r)}. 


We first prove that Cop is an open subset of B+(r). For any sequence {g„} C 
Bf'(r) — Cop converging to some point q £ Bf'(r), there exists £ (0,1) such that 
P(7pqn (^n)) > r for each n. Since { 7 p 5 „} is uniformly bounded, by the Arzela-Ascoli 
theorem we can assume that { 7 pq„} converges to the minimal geodesic 7 pg 

and —?> to- Clearly, piGpqfto)) > r, which implies q £ Bft{r) — Cop. Hence, 
Bf:{r) — Cop is a closed subset of B+(r). 

Secondly, we claim that Cop is a closed subset of B+(r). It suffices to show 
dCop C Cop. Given any point q £ dCop, the argument is divided into the following 
two cases: 

Case 1. Suppose x ^ jpg. Then po 7 pq{t) is smooth, and the Hessian comparison 
theorem [S] implies that -^po 7 pq{t) > 0, which implies that 


P°7pq{t) < inax{/9O7p,j(0 ),po7 pq(I)} < r. 


Hence, 7pg([0,1]) C i?+(r) and therefore, q G Cop. 

Case 2. If there exists to G [0, /] such that 7pg(to) = x, then for t £ [to, 1], 


p{lpq{i)) = L{7pq\[to,t]) < L{7pq\[tqy]) = p[q) < r. 
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On the other hand, there exists s G [0,to) such that p{jpq{s)) < rj}?. Thus, for 
t G [s,to], 

p{lpq{t)) < A • d{jpq{t),x) < A • d{jpq{s),x) < • p{'^pq{s)) < T. 

Note that ')pq{t), t G [0,s] is the unique minimal geodesic from p to Jpq{s). Since 
pijpqis)) < r, the argument of Case 1 implies that 7pg([0,s]) C B^{r). Hence, 
7pg([0, 1]) C B^{r) and therefore, q G Cop. 

From above, we see that Cop is a both open and closed subset of B^{r). Since 
X G Cop, Cop = B^{r) and hence, B^{r) is strictly convex. □ 

Remark 3. Denote by the upper bound of T-curvature in the sense of Shen 
[S]. Using the argument above, one can obtain an estimate on the convexity radius 
of a general Finsler manifold. More precisely, let (M, F) be a forward complete 
Finsler manifold with Km < fc, W > A_f < A and Then 

where 0 is the first positive zero of the following equation 

-C-Sfe(i) = 0 - 

This estimate coincides with Shen’s result [Sj Theorem 15.2.1] in the reversible case. 

Proposition 4.3. Let (M, F) be a forward complete Berwald manifold with Km < 
k and \m > Set I := min{7r/(2-\/fc), <?}• Given any x G M and any 0 < r < I, if a 
geodesic 7 is tangent to the forward sphere Sfi (r) = dBfi (r) at q, then there exists 
a small neighborhood Uq of q such that Ug fl 7 is outside Bt {r) — {g}. 

Proof. Suppose that 7 is a normal geodesic. Let p(-) := d{x,-). Clearly, for any 
p G Bff(r) — {x}, p(p) is smooth. Set 7 (^ 0 ) := 9- Since Vp is the normal vector 
field along S'jj'(r), we have 

= gvp (Vp, 7 (to)) = 0. (4.1) 

t=to 

Clearly, p o 7 (^ 0 ) = r < I implies that there is a small number e > 0 such that 
p o 7(1) < I, for t G (to — Cjto + e). Thus, it follows from Hessian comparison 
theorem that ^p{l{t)) > 0 for t G (to — e,to + e). This together with ()4.1I) yields 
that p o 7 has a minimum at to, which implies the conclusion. □ 

In the rest of this section, we assume that {A, dm) is a measure space of volume 
1, and (M, F) is a forward complete Berwald n-manifold. Given p G M and r > 0, 
any measurable map f : B^{r) is called a mass distribution on B^(r). Define 

a vector filed V on Bp (r) by 

V(x) :=- [ f{a)dm{a). 

Ja 

Then we have the following theorem. Refer to [Ka] for the results of the center of 
mass in the Riemannian case. 

Theorem 4.4. Let (M,F) be a forward complete Berwald n-manifold with |Km| < 
k, Ap < A, and \m > <?• There exists a constant r = r(n,fc, A,<j) > 0 such that for 
each 0 < r < r, each p G M and each measurable map / : A —?> i3+(r), there exists 
a unique point q G B^{r) with V(q) =0. q is called the center of mass '^{f) of f. 


_d 

dt 
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In particular, V{q) is differentiable and the map V*q is non-degenerate at q = 
^{f), where V* : TB^{r) —>• TB^{r) is defined by 

dV^ d ■ d 

and {x^,y'^) is a local coordinate system ofTB^ipr). 

Proof. Let r := ^ where t is as in Lemma fA.71 Given 

p G M and /, we consider V{x) defined on Bp (r). 

Step 1. First, we show that for each x G dBp{r), V{x) is a nonzero outward 
vector. For each a G A, set Xa := — exp“^ /(a)- It is easy to see that the geodesic 
7Xa(t), t G (—e,0) is contained in B^{r) and 7x„(t), t G (0,e) is outside B^{r). 
Set p(-) = d{p, •). Thus, 

^ PilXait)) = 9vpix)0^p{x),Xa) > 0 . 

i=0 


dt 


If gvp(a;)(Vp(2;),-^o) = 0, ProDOsitiou 14.31 viclds that 7v:„(t), t € (—£,0) U (0, e) is 
outside Bp{r), which is a contradiction. Hence, p(^,^){Vp{x), Xa) > 0 and 

5 vp(x)(Vp(x),F(a;)) = gvp(oo) (xp{x), J^Xadm{a)'^ >0, 

which implies that V(x) is a nonzero outward vector. 

Step 2. Now we show that V has only isolated singularities in (r). Given a G A 
and a geodesic 7 ( 5 ), s G [ 0 , 1 ] in i?+(r), consider the geodesic variation 

cra(t,s) = exp.^(,)(t-l)Xa, tG[0,1], 

where Xa := - f (a). Glearly, CTo(0, s) = /(a) and CTa(s,l) = 7(5). Note 

that 

d 

bAs\a{f) — ~^^^a{f:^) 

is a Jacobi field with Us^aiO) = 0 and C/s;a(l) = 7 (s)- Set 

d 


Ts-,a{t) ■■= ■^aait,s) = (exp.^(^)),(t_i)x,Xa. 


Glearly, 


Ka{^) = DT...Us.,a = Du_Ts.,a = Du^.^Xa,. 


Thus, Lemma [A.71 together with the equalities above implies that 
Il7(s) - Du,:aXa\U(s) < ^||7(s)||7(s), 
where || • ||.y(s) := (•,•)■ Since F is Berwalden, we have 

|| 7 (s) - = / ( 7 (s) - Du^.^Xa,) dm{a) 

J A 7(s) 

< Il7(s) - £>;7.,a^all7G) dm{a) < ^||7(s)ll7(s) din(a) = ^||7(s)ll7G)> (4-2) 

which implies that V has only isolated singularities. 

Step 3. We now show that V(x) has exactly one singularity in (r). Since (r) 
is contractible and H is a outward vector field along the boundary, the sum of index 
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of V in J3^(r) is +1, which implies that V has at least one isolated singularity in 
S+(r). 

On the other hand, for each isolated singularity z in 5+ (r), let 7 ( 5 ) be a geodesic 
from z. (14.21) implies that 

5'70)(7(s),f^(7(s))) = 57 (o)(7(0)>^7’^) = > 0. 

s=0 

Then there exists a small so > 0 such that for s S [0,so], 

^ff 70 )(7(s), V ( 7 ( 5 ))) > ^£0 =7 ff 7 (s)(7(s), V ( 7 ( 5 ))) > ^eos. (4.3) 

We claim that there exists a small I > 0 such that along dB^(l), V is outward. If 
the claim is true, then the Poincare-Hopf theorem implies that the index ofV ai z 
is -1-1 and therefore, V has exactly one zero in 

Suppose that the claim is not true. Let ^(•) := d{z,-). Then (14.31) yields that 
there exists a sequence In i 0 and a sequence yn € SzM such that for each n, 
there is a point Xn = exp^(lnyn) G dB'^iln) is the first point along 7 ^^ with 
9 vi(xn)(y^{^n)^V{x)) = 0. Since V^(xn) = (14.31) implies that In is the 

minimal point of ( 7 y„(s)) V{lyn)) ^^.d hence, 

57«„(7yn('S):^(7!/„)) = 57«„a„)(7!/„(^n),L»7«„^) <0- (4-4) 

S—ln 

Since SzM is compact, we can assume that j/n —>■ 2 /o G SzM. Thus, 


ds 


d 

ds 


7 y„(^») = (exp-)> yo- (4.5) 

(14.41) together with (14.51) implies that 


9iy„{s){iyo{s).V{-iy^{s))) = 9yoiyo,DyoV) < 0 , 

s=0 

which is a contradiction. Therefore, the claim is true. 

Step 4. From above, one can see that V{x) is differentiable at every point x G 
i3+(r), and DxV ^ 0 for any X G — {0}. Let (x®,y*) be a coordinate 

system of TB^{r) and let 7 (<), t > 0 be a smooth curve from '^{f) with 7 ( 0 ) = X. 
Thus, 


ds 


0 ^ DxV = 


dV^ 

dt 




d 

dx'- 


dV^ 

dx^ 




r(0)^ = K^(/)(X), 


which implies that I 4 <^(/) is nonsingular. 


□ 


5. A Cheeger type finiteness theorem for Berwald manifolds 

Given uGN, A>1, <^>0 and A: > 0, let r := r(n, k, A, (j) and £ := £(n, k, A) be 
defined as in Theorem 14.41 and Lemma IB. 31 respectively. 
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Definition 5.1. We say a triple (i?, ^ 1 , 62 ) satisfies Condition (A) if 

(1) 0 < i? < min I , Co, Ci, € 2 ^ , 

(2) 0 < ei < £2 > 0, 

n _ 92ra+6A4ra+6 

(3) ^ ^ - C3(n, fc, A, i?,£ 2 )-> 0, 


Sk{V^R) 


where 


Co{k, A) := sup I i > 0 : ^ <21, 

[ 3A2i J 

Ci{n,k,A) :=sup|t > 0 : -^-fc < 2(4A2)’^1 , 

I j 

C 2 (k, A) := sup I i > 0 : —_ ^^2 1 


€ 3 ( 71 , k, A, R, 62 ) ■■= 


S-k{t) S-kiVAt) 

6A^R fs-kiVAR) S-kiVAR) , ,^j^2 


Sk{'V~AR) I \/~AR 


- 1 


Ski'/RR) 


+ 30A'^£(n, k, A)R^ + Ae2- 


In the following, we assume that {R, 81 , 82 ) is given and satisfies Condition (A). 


Definition 5.2. Given A G N, we say a compact Berwald n-manifold (M, F) 
satisfies Condition (1-A^) if 

(1) Ap < A, |Km| < k, Im > <^, diam(M) > D; 

(2) M can be covered by N convex balls of radius i?/( 2 A 2 ) 

{i?+Ji?/(2Ai)) : 0 = 1,...,A} 
and such balls {B^^{R /are disjoint. 


Let {Mi,Fi), i = 1,2 be two Berwald n-manifolds satisfying Condition (l-A^). 
Let {B^i (i?/( 2 A 2 )) : a = 1,...,A} be the forward convex balls of Mi as in 
Definition 15.21 

Let (R", II • II) be a standard Euclidean space. For each i, denote by || • ||i the 
average Riemannian norm on Mi induced by A), which yields a linear isometry 
: (M", II • II) —^ {Tpi^Mi, II • \\i) for each a G {1,... ,N} such that for 


1 ^ E,«(A)) 

Va - ||x|| 


< VA, VA G M”. 


(5.1) 


Hence, : Bo{R) Bp (VAR), where Bo{R) (resp. Bpi (i?)) denotes the ball of 
radius R centered at the origin in (R", || • ||) (resp. (Tpi^Mi, Fi)). 

Set 

:= expp^ o< : BoiR) Bp^{VAR). 

Clearly, (j)l^{Bo{R)) A Bp^{R/VA). In particular, if (()),(So(i?)) n ((i^(i3o(^)) ^ 0, 
the triangle inequality then yields that 

C C(So(3A2i?)), cl^liB^) C <^ySo(3A2i?)). 
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Hence, for any a, /3 with fl ^ 0, we can define a map 

fpc ■■= (</>^)-' o c : Mm ^ MWm- 

The following lemma follows from Lemma lA.ll directly. 


Lemma 5.3. There exits a constant ^ fc,A) such that for any a,l3 with 

(j)'‘^{Bo{R)) n 4 >^i^{Bo{R)) ^ 0, we have 


For any two a,/3 with (j)l^{Bo{R)) r\(j)p{Bo{R)) ^ 0, there exists a unique minimal 
geodesic 0 < t < 1 frompj, to p^. Let denote the parallel transformation 

along 'yfp from Tp^Mi to Tpi^Mi. Define a linear isomorphism : R" —>■ R" by 

Since Fi is Berwalden, Fi{PFY) = Fi{Y). Thus, one has the following result. 


Lemma 5.4. For any a, (3 with (l)l^{Bo{R)) fl (jTp{B[j{R)) ^ 0, we have 

IlnkAll 


|o := sup 


< A. 


a/o II^II 

By the Arzela-Ascoli theorem, one can easily the following lemma. 

Lemma 5.5. Let ^ be as in Lemma fOI and let (R", || • ||) fee a Euclidean space. 
Set 


Fli := {/ : Bo{R) —^ Bo{3A‘^R) : f is a embedding map with ||/||ci < 

H 2 := {/ : (R", II • II) —>■ (R", II • II) : f is a linear map with ||/||o < A}. 

Then Hi and H 2 are totally bounded. That is, for each e > 0, Hi can be covered 
by a finite number of balls of radius e. 


Definition 5.6. Given iV S N, we say two compact Berwald n-manifolds {Mi,Fi), 
i = 1,2 satisfy Condition {2-N) if 

(1) {Mi,Fi), i = l,2 satisfy Condition (1-fV); 

(2) cfliMR)) n mpiMm) ^ 0 ^ 4>1(MR)) n f>l(Mm) ^ 0, for all «,/? g 
{l,...,iV}. 


The following result is a generalized Peter’s lemma, which will be proved in next 
section. Also refer to [Pe] for Peter’s lemma in the Riemannian case. 

Lemma 5.7. Let (R, 61 , 62 ) be a triple satisfying Condition (A) and let {Mi,Fi), 
i = 1,2 fee two closed Berwald manifolds satisfying Condition (2-N). Suppose that 
for any a, ft € {1,..., N} with ^^(So(i?)) fl (j)'^^{Bo{R)) 7 ^ 0, we have 

llf^a -f^allCi < £ 1 , 

IlS^a - 0^allo < £2- 

Then Mi and M 2 are diffeomorphic. 

By Lemma [EZl we now show the following theorem. 
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Theorem 5.8. Given nSN, A>1, fc>0 and V,D>0, there exist only finitely 
many diffeomorphism classes of compact Berwald n-manifolds (M, F) satisfying 

Af < A, |Km| < k, > V, diam(M) < B. (5.2) 


where yi{M) is either the Busemann-Hausdorff volume or the Holmes-Thompson 
volume of M. 


Proof. Theorem ll.ll vields a positive constant ? = ?(n, A, k, V, D) such that if a com¬ 
pact Berwald n-Finsler manifold {M,F) satisfies (15.21) . then im > Let (i?, £i,e 2 ) 
be a triple defined as in Definition 15.11 i.e., (i?,ei,e 2 ) satisfies Condition (A). 

Suppose the theorem is not true. Then there exists a infinite sequence {{Ms, Fg)} 
satisfying (EH), but {{AIs,Fs)} are not diffeomorphic mutually. 

For each s, let (i?/(4A^))}^^;^ denote the maximal family of disjoint balls 
of radius i?/(4A^) in Ms- The volume comparison theorem |ZS] then implies 


Ns < 


Pl{Ms) 


min„ pt.{B± {R/ (4A2))) 


< Co{n, A, D, R, k) =: Nq. 


It is not hard to check that {B^s {R/ ( 2 A 2 cover Mg. Since {{Mg, Fg)} is a in¬ 

finite sequence and Nq is a finite number, there must be a subsequence {{Mg^, Fg ^)} 
such that all Ng^ = Ni < Nq. That is, for all L, the number of the maximal family 
of disjoint balls of radius i?/(4A^) in Mg^ are the same. In particular, for each 
L, Mg^ can be covered by Ni balls of radius R/{2A^). Hence, all the elements in 
{{Ms^,Fs^)} satisfy Condition (1-Ai). 

Since Ni is finite, there must be a subsequence {{Mk, Fk)} of {{Mg^,Fgj^)} 
such that for any {Mk,_,Fkj_), {Mk^^Fk^) G {{Mk,Fk)}, 


fi^^{BQ{R)) n <ff{BQ{R)) + 0 o <f>l^{BQ{R)) n fif{BQ{R)) ^ 0, 

for all a, /3 G {I,..., Ni}. That is, all the elements in {{Mk, Fk)} satisfies Condi¬ 
tion {2-Ni). 

Lemma l5.5l vields that FLi can be covered by a finite number (say Af) of Ei-balls, 
i = 1,2. Hence, for each K, = {4>^)~^ o £ Hi is in some a ei-ball. Since 
Ni,Ai are finite and {{Mk, Fk)} is a infinite sequence, there exists a subsequence 
{{Mk',Fk')} such that for any {Mk^,Fk^), {Mk:^,Fk'^) G {{Mk',Fk')}, we have 

<si. 


for any a, /3 G {I,..., Ni} with {Bo{R)) n {Bo{R)) fy 0. 

Likewise, since Ni,A 2 are finite and {{Mk', Fk')} is infinite sequence, there 
exists a subsequence {{Mk",Fk")} such that for any {Mk[',Fk['), {Mk'^', Fk:^') G 
{{Mk", Fk")}, we have 

llf^a - fpa llci < £1, Ugf - Qpa llo < £2, 


for any a, /3 G {I,..., Ni} with ^ {Bo{R)) D {Bo{R)) 7 ^ 0. 

Lemma IQ then implies that {{AIk", Fk")} are diffeomorphic mutually, which 
contradicts the definition of {{Mg, Fg)}. □ 
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6. A GENERALIZED PETER’S LEMMA 
We now recall some notations used in Sect. 5: 

II • II denotes a Euclidean norm on R" and || • ||j := •) denotes the average 

Riemannian norm induced by Fi. In particular, for each a, : (R, || • ||) —>■ 
{Tpi^Mi, II • ||i) is a natural isometry. Given X e TMi - {0}, || • \\x ■= Vdixi-r), 
where gi is the fundamental tensor induced by Fi. 

Lemma 6.1. Let {R, 81 , 62 ) be the triple satisfying Condition (A) and let {Mi,Fi), 
i = 1,2 be two compact Berwald manifolds satisfying Condition (2-N). Suppose 
that for any a,/3€ {1,..., N} with (j)l^{Bo{R)) fl (j)'p{Bo{R)) ^ 0, we have 

Wfpa-flJci < £ 1 , 

IlS^a - djjo < £2- 

Then Mi and M 2 are diffeomorphic. 

Proof. Step 1. For each a, define a map '■= o ■ 4>a{^o{R)) 

4>l^{Bii{R)). Given p e (j)]^{Bii{R)) n (j)^p{Bo{R)), we now estimate d{^a{p), ^p{p))- 
Since {<t>a)~'^{p) € Bq{R), 

llf^a O - fpa ° {(l^l)~\p)\\Ci < Si- (6.1) 

Note that 


2 \-l 


O (</^i)-\p) = (^P)-'^P(P), fjo. O {Ct>l)-\P) = (</>!) 
Hence, eiD implies that 

F (exp~f{.^p{p)) - 

o exp~2^{.^fjip)) -u^^o expp2\^a(p)) 


'.^a(,p)- 


<Va 


=Vk\\{ 4>1) - {(j)}) ^ O .^a{p)\\ < i/Xei. 


( 6 . 2 ) 


Clearly, ,t^p{p) G 4>p{Bq{R)), that is, d{pp,.t^p{p)) < \/KR. Since cI)\{Bq{R)) n 
4ip{Bij{R)) 0 , we have (jj^BoiR)) n 4>1{Bq(R)) ^ 0 and .^a{p) G (fjiBoiSX^R)). 
Let 7 (t), t G [0,1] be a curve from .^aip) to ^p{p) with exp“ 2 ^( 7 (t)) is a straight 

line. Clearly, || exp“ 2 ^( 7 (t ))||2 < ik^R, which implies that "fit) G B\ (SA^/^R) and 

PjS P0 


5-k{d{pl,"f{t))) s_fc(3A^/^A) 

t™07] d{p‘p,"f{t)) ~ 3A5/2_R 

Now Lemma [A. 2 1 and (j6.2l) implies that 

di-^M^P)) < < 3A^£i- 

Step 2. Let 77 : R+ — >■ [0,1] be a smooth function with | 77 '| < 4 and 

r 1 , 0 <r<i, 

g{r) = <^ ( 0 , 1 ), i < r < 1 , 

I 0 , r > 1 . 
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Given p G Mi , set 


11a{p) ■■= V 




i^a{p) 


Vajp) 

J2aVaip)' 


Hence, Pa{p) > 0 (or V’a(p) > 0) if and only if p G (j)l^{Bo{R))■ 
Given p G Mi , we define a vector field on M 2 by 


N 

Vp{x) ■='^il;^{p)- (exp-1 ^„(p)) = 

Q!=l 


i’aip) ■ (exp^^^aip)) 

aeN^ 


where Np := {a : ipaip) ^ 0} = {a : p € (/)i (So(i?))}. Clearly, if a,/3 G Np, we 
have (j)l^{Bo{R)) fl 4>^{Bo{R)) ^ 0. By Step 1, we have 

d{^a{p),-^p{p)) < 3A^ei, d{^p{p),^a{p)) < SA^ei. 


Hence, one can find a forward ball of radius SAaei, say i? 2 ( 3 A 2 £]^), such that 
^a{p) G i?2(3A2ei) for all a G Np. Define a mass distribution fp : Np ^ 
-B2(3A5ei) by fp{a) := .^a{p)- The measure rUp on Np is defined by mp(a) = tpa{p)- 
Then 

rp(x) = / exp-i(/p(a))dmp(a). (6.3) 

JaeN^ 


It follows from Theorem 14.41 that there exists a unique Xp G B2{3A^ei) such that 
Vp{xp) = 0. Now we define a map : Mi —>• M 2 by ^{p) = Xp. It is easy to see 
that ^ is well-defined, i.e., Xp is independent of the choices of H2(3Aiei). 

Set 

N 



Vpi^) = V Vo^ip) ■ (exp„ ^ ^a{p)) , 


Note that V(p, a;) is (cf. Theorem 14.411 . Clearly, V{p,.^{p)) = 0. The implicit 
function theorem then yields that 


[d^] = -(D2 V)-i -DiV, 


(6.4) 


where DiV denotes the differential matrix of V respect to the i-th variable, i.e.. 


DiV := 




Note that 



Theorem 14.41 then implies that D 2 V is not singular at x = ^{p). Hence, (16.41) is 
well-defined. 

We will show that is an imbedding. (16.4p implies that it is equivalent to show 
that DiV|(p_^(p)) is not singular. Note that V(p,x) G TxM 2 for fixed x. Let "fit), 
t G (—e, e) be a smooth curve with 7 ( 0 ) = p and 7 ( 0 ) = X. Thus, 


_d 

dt 


V(7(t),x) =PiV|(p,,)(X) € Tv(p,,)(r,M2) ^r,M2. 

t=0 
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In the following, we always set x = Clearly, DiV\(^p^x) is not singular if 

and only if 




V(7(t),; 




N 


= E 


dVahit)) 


*- 

N 


dt 


Yaip)+paip) ■ (exp,,^)_ 


d^ainit)) 


t=0 


dt 


t=o. 


= E ii^^dpalp) ■ Ya{p) +Pa{p) ■ {{X,dYa))\p] , 


(6.5) 




where 


Ya{p) ■■= exp,^ 1 ^a(p) e T^M 2 , {{X, dYa))\p := (exp,, 

Now we show (j6.5l) . 

Step 3. First, we now estimate 


d^a{l{t)) 


*^Xp) dt 


t=o 


N 


I := '^{X,dpa\p) ■ Ya{p). 


a=l 


Note that drja |p 0 if and only if 
R 


< U(l^i)-\p)\\ < p € (I^UBoiR)) - (l>imR/2)). 


Thus, 


where 


K'< — 


I = {X,dpa\p) ■ Ya{p). 

aGlV" 

N';:={a:pG (So(i?)) - </>'(%(17^)} C fV;. 

y(4A))}^.i 

b{b+{ar)) 


Recall that {B^i {R/{4A))}^^i are disjoint. Thus, we have 


< A 


2n Jo 




min^eAT- (i?/(4A))) s^-^{t)dt 


< 22"+1a4". (6 .6) 


For each a G iV", set Z{t) := exp^i ( 7 (t)) G TpiMi. Clearly, ^" 1 (^( 0 )) = 
d{pi,p) e (y^y.VAi?) and a: = ( exp 1 ) Z{Q). Hence, it follows 

A \ aj Vd(p^ ,p) 

from Lemma [A. II that 

Fi(Z(0)) < A fi(X), 


Sk{d{pl,p)) 


which implies that 


\{X,dpc\p)\ < 


R 


II^WIIi 


i=0 


SkiVAR) 

iLn\\m\\i 


nzmu 


4 ||Z(0)||i||Z(0)||i 4A^ 

-R ||Z(0)||i -BkiVAR) 


(6.7) 
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Since a € C Step 2 yields 

F2{Yc,{p)) = d{x,^a{p)) < 6A^ei, 


which together with (16.61) and (16.71) implies that 


F2(I)= ^ F2((X,dr,„|p).y„(p))< 
a^N^' 


22n+6^4n+5g. 

Sfc('\/A7?) 


yi(X). 


Step 4. We now estimate 

N 

II := '^r]a{p) ■ {{X,dYa\p)) = rjaijp) ■ {{X,dYa\p)). 

a—1 ctCA^p 

Given a G N^. Since (it^ o = u^o for each Z G TMi, we have 

mul o «)-')*y) = F2((u2 o iul)-^)Z) > ^ IKw')-'y|| > i Fi(Z). (6.8) 
Recall that 


Y^(p) = exp^ 1 = exp^ ^ o expp 2 oul o (ui) ^ o exp^^p). 

Thus, (16.81) together with Lemma A.I yields that 


> 


> 


F2i{{X,dYa\p))) = F2 (expJoe^Pp2^^o{ul o (ui) i), oexp^i^x) 

A,^l(dC“^!lp)yF (“P-i- ->(“>«)"')• ““Ppt. 

dix,^c.{p)) Sfe(^ 2 (u 2 o«)-ioexp-yp))) d(pl,p) 


A'^S-k{d{x,^a{p))) F2{ulo{ul^) loexp i^p)) S-k{d{pl,p)) 


FiiX) 


^ 1 R Sfc(A^) ^ 1 _ ^^2)^ 

- s.k{R) s-k{VAR) ^-A5^ ^ ^ 


(6.9) 


Since {S^i (.R/( 2 A 2 ))}()L^ is a covering, there exists jd such that d{pp,p) < 
R/{2\fA), which implies that ||(<)>^)“^(p)|| < R/2. Hence, /3 G Ad X)agAr' Paijp) > 
Vpip) = 1- We claim that 


F 2 {{{X,dY 0 \p))) - sup F 2 {{{X,dYp\p - dY^\p))) > 0, (6.10) 

aGiV; 


which will be proved in Step 5. Here, 


F 2 (((X, dr;3|p - dYX))) ■■= F 2 (((X, dr;3|p)) - ((x, dr«|p))). 
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By (16.911 and (jB.lOp . we have 


i"2(II) = ^^2 ^ Mp) ■ {{X,dY^\p)) 

/ 

> ^ r,^{p)-F 2 {{{X,dY^\p)))- Y, Vc.{p)-F 2 {{{X,dYp\j,-dY^\p))) 

aeN^ aGN^ 


(Y 1 

F 2 {{{X,dYp\p)))- sup F 2 {{{X,dYp\p-dYX))) 


aGN^ 


>F 2 {{{X,dYi^\p)))- sup F 2 {{{X,dY 0 \p-dY^\p))) 

aGN;, 

Cl _ 

> ^ ,5 ^ FiiX) - sup F 2 i{{X,dYp\p - dY^\p))) , (6.11) 

In the following steps, we will show (16.101) and estimate (16.lip . 

Step 5. To estimate F 2 {{{X,dYp\p — dYa\p))) for a,f3 € N^, we just need to 
estimate the following three items 

( 1 ) F2{{{X,dYa\p))-P^^(p)^^oPp2^^^^f^p^oulo{ui)-^oPppi^X); ( 6 . 12 ) 

(2) F2 (P^^(p),:j, o o o (m^)“^ o - ((X, dFo-lp))) ; (6.13) 

(3) F 2 ® ® ® (^Ct) ® 

~P^p{p),x ° d^p^p,^fi(p) ° ^/3 ° (^/s) ° ^p,Pp^''j ■ (6.14) 

Here, Pp^q denotes the parallel transformation along the normal minimal geodesic 
from p to q. 

We first estimate (16.1211 and (j6.13ll . Given a € Np, set si := d{p]^,p) and 
S2 := d{p‘^,^a{p))- Clearly, there exists Y G Tp^Mi such that 


(exppi ) Y = X, 

V (p)-V/9^ (p) 

where p)j(-) := d{p\, ■). Now let 

X-=ulo «)-i o Pp,pi (X) G Tp 2 M 2 , Y-.= ulo {ui)-\Y) G rp 2 M 2 , 
I := d{x,^a{p)), Jy{si) := (exp 1 ) (si^) G TpMi, 

\ *siVp^(p) 

Jy(s2) := (“Pp;)„.v,;(,.(,„ ^ 

Note that there exists Z G TxM 2 with 

(exp^),iy ^ = ^>>^f(s 2) = (exPpO ^ ^ (7), 

S2 Z *s2Vp2 (.FcCp)) 

where y := 'Vpx{-^a(j>)) and Px{-) '■= d{x, ■). Thus, we have 


^ = (exp,,)*,p (expp2) 
= (exp,,)"ip (expp2) 

= {{X,dYX))- 


*S2Vp2 (.^a(p)) 




*S2Vp2 (.^a(p)) 


ui O 


{u\) ^ (exppi) 


-1 


*Pq(p)-Vp1 (p) 
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Since Fi is Berwalden, 


(|6-12P <F2 Jy(s2)^ - P^c{p},x ° Ppl,^c(p)^ 

+ F 2 — P^c{p),X 

<F2 ^ — Jy(s2) - Pp'i,^c,(p)P^ + -^2 {Pp'i,^a,(p)"P ~ Ppl,-^c{p)^) 
+ F 2 


<\/A 


-Jy(s2) - Pp2 ^^(^p)Y 

S2 


FF2{Y- X) 

Ti 


+ Va 


Z-P. 




T 2 


(6.15) 


where Ti is the velocity of the normal geodesic from to ^a{p), and T 2 is the 
velocity of the normal geodesic from x to #a(p). 

Since Fi is Berwalden, = Pp^ p and = P^^{p),x- And it is easy 

to see that si < a/AI?, S 2 < VAR and I < R. Thus, Lemma A.l together with 
Lemma FA.hl and Corollary I A. 61 yields 


— Jy{s 2) - Pp2 ^^^(p)Y 
S 2 


T, - SkiVAR) V '/AR I 


F 2 {Y-X)< 


A^R (s.kiVAR) 


SkiVAR) \ VAR 


-1 Fi(X), 


Z-P 


kk(p) 


< 


T 2 


A'^R / 5-fc(i^) _ 5-fc(CAj?) 

Sk(R) [ R J Sk(VAR) 


(6.16) 
(6.17) 

■Fi(X). (6.18) 


By (16.151) . (I6.16L (16.171) and (I6.18L we have 


Similarly, one can show 

We now estimate (16.141) . Given a,(3 G Np, set 
ATq := Pp^pi^X G Tpi Ml, Xp := Pp^p^X G TpiMi, X'^ := Ppi^ piX^ G TpiMi, 


X'. 


= uj, O {u'-p)-^{Xp) G r 2 M 2 , X, := ui O (u),)-'(X„) G Tp^Ma 


= ^pI,pI e Tp 2 M 2 , X'^ ■= Pp 2 _p 2 oujo (m^)-^(X^) G Tp 2 M 2 . 
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Thus, we have 

(EH]) <F2 {P^^(p)^x O Ppl,^c{p) ° ^a- P^a,(p),x O Ppl,^c{p) ° ^a) 

+ F 2 O Ppl,^^{p) oX'^- P^pip),x O Ppl,S^p(p) O ^/s) 

^-^2 (^a ^a) P P‘2‘ (^P^a(p),X ^ Pp'^^^aip)^a P^a{p),x ® Ppai'^a{p)X 


+ F2 yP^ctip),X ^ 0 ^^p{p)^X ® ^p‘^,^ff{p)^0 

<F2 (^-X^)+F2 (X^-^) 

+ F 2 O Ppa<‘^c,{p)X p ~ Psp{p),x O Pp'p,.^l 3 {p)X P 

Firstly, we have 


) 


( 6 . 21 ) 


F{X^ -X'^) = F o ul o {ui)-0X^) - uj o (ulrHX'^ 

<VA (ul)-^ o Pp 2 oulo (u^)-l(Xa) - (u^)-l(x;) 

= VA \\Ql^iiul)-0X^)) - QUi<r0Xc.))\\ < A • £2 • Pl(X). 

Secondly, Lemma IB. 31 yields 

F2(X^-^)<A-Fi{X'^-Xp) < €{n,k,A)-AXFi{X)-R\ 

where £(n, fc,A) is the constant as in Lemma lR3l Since a,/3 G IV', (j)^{Bo{R)) fl 
(j)'^{Bo{R)) ^ 0, which implies that d(Pa,p^) < 2AP. By Lemma lB.31 again, we 


( 6 . 22 ) 

(6.23) 


have 








F 2 


.(P) 

,X ^ Ppa 5=^0 

,{p)Xp Philip) 

,x ° Ppl,^p{p)Xpj 

<F2 


.(P) 

, 3 : 0 Ppl,^o 

,(p) 0 Pp^.pl 

Xp- 

- P„2 

Pp, 

xXp) 

+ ^2(Pp2. 

x ^0 P^p{p),x ^ Pp'^ 



<P2 


.(P) 

X 0 Pp^ 

0 

Q w 

X^- 

- P„2 

Pp, 

xX 0 j + 42i(n 

<P2 

{P^. 

.(P) 

, 3 : ^Pa 5=^0 

Pp)°ppl,pl 



(p),x 0 

+ F 2 

(p),3: 0 ^p2 

,^Xp)^P ~ 

P„2 

Pp, 

x'^) 

+ 4£(n, k, A) 


R^ 




R^ 


<29A3 • e:(n,fc,A) • p2 . F^(x). 

Now by (I6.2ip . (|6.22p . (16.231) and (|6.24p . we obtain 

(I6T^ < [30A3e:(n,/c,A)p2 + Ae2] Fi(X). 

The triangle inequality then yields 

P2(((X,dy^|p - dYo\p))) < + EIl/ 3 a + El 3 |)c 

< (|6.19P £ + (l6.25D fi^ + (|6.20p ^ = 03 ( 71 , k, A, R, e2)Fi{X), 

which together with (16.91) and (16.111) yields (16.101) and 

'(1-kR'^) 


(6.24) 

(6.25) 


P2(ll) > 


A5 


-C3(n, fc,A,P, £ 2 ) 


Pi(X). 


(6.26) 
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Step 3 furnishes that 

9271+6 A 4n+5+^ 

F2{-1) <VA-F2(1) < - £iFi(X). 

Sfe(VAi?) 

Thus, (16. 5|) together with (16.2611 and (16.271) yields 
d 


(6.27) 




> 


dt 

(1 - fc +) 

A5 


V( 7 (t), cc) = i^2(I + II) > i^2(II) - F2i-l) 

t =0 / 

2^ 22'^+6^4?i+6 

- C3(n, k, A, i?, £ 2 )- . gi 


S/c(+Vi?) 


•Fi(X) >0, 


which implies that is nonsingular (See Step 2). 

Step 6. Since ^ is a local diffeomorphism, we can define a new Finsler metric 
Fi on Ml by Fi := ^*F 2 . Thus, (Mi,Fi) is a forward geodesically complete 
Finsler manifold, since Mi is closed. It follows from [BCSl Theorem 9.2.1] that 
: Ml —^ M 2 is a covering projection. 

Let : M2 — >■ Ml be the map constructed as Given any point p G Mi, there 
exists a point G Mi such that d{p\,p) < i?/( 2 A 2 ), which implies 

d{^o,{pi),.^a{p)) = F2{uI o {(j)l)~^{p)) < Ad{pl,p) < R/{2VA). (6.28) 


Since a G Ad, d{^a{p), •^{p)) < R/{2.y/li), which together with (16.2811 yields 

= d{^a{pl),^{p)) < R/VA, 

that is, ^{p) G cj^KMR))- Set := o (02)-i . ^2 (g];^) ^ (%(+). The 

same argument as before yields that 


d{p\,^ o ^{p)) < d(+,(p^),+,(^(p))) +d{^a{^(p)),^{^(p))) < 2y/AR, 

and therefore, ^ o ^(p) G B^{3'/AR). Likewise, one can show ^ o ^[q) G 
B^{3VAR). That is, both o ^ and ^ map every point to a convex neigh¬ 
borhood of itself and hence, they are homotopic to the identity. Now we conclude 
that ^ and are diffeomorphisms. □ 


Appendix A. Some estimates for Jacobi fields 


In this section, we always assume that (M, F) be a compact Finsler n-manifold 
with Ap < A and |Km| < k. Given y G FM, we use ^y{t) to denote the normal 
geodesic with +(0) = y. 

Lemma A.l. For any y G SpAI and X G TpM — { 0 }, we have 
Sk{t) ^ ll(expp)*tyA||T ^ 5-k{t) ^ ^ TT ■ 

i - I+IIt - t ’ r 2yfc+ 

where || • ||t := 5t(‘, •) and T := jyit). 


Proof. Let 

+ (t) := (expp)*ty (tX-^) , jll(t) := (expp)**^ (aty ), 

where a := gy{y, X) and X^ := X — ay. Since |Km| < k, it follows from the Rauch 
theorem |BGS1 Theorem 9.6.1] that 


Sfe(t)llX-L+<|| + (t)||T<s_,(t)llX-L+, 


t G 


0 , 


TT 

2Vk, 
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Note that ||J''(t)||r = t|Q;|. Thus, 

Sk{t)\\ay\\T < II (OIIt < S-fc(t)||a2/||T, t e 
The lemma follows from the inequalities above. 


2\/k, 


□ 


Lemma A.2. Given three points p,q,x G M. Let 7 ( 5 ), s G [0,1] be a smooth curve 
from p to q such that d(x,j(s)) < min{iM, for all s. Set P := exp“^(p) and 

Q ■= 

( 1 ) Suppose that 7 ( 5 ) is a minimal geodesic from p to q. Then 

1 . Sfc((i(a;,7(s)) u\ ^ m ^ 

T - T^FyQ- P) <d{p,q)- 

A sG[o,i] d{x,j{s)) 

(2) Suppose that exp“^( 7 (s)) is a straight line from P to Q. Then 

d{p, q)<A max ^iQ “ P)- 

sG[o.i] d{x,j{s)) 


(3) Suppose that 7([0,1]) C Bff{R), where R < min{iM, Then 

"-^F{Q -P)< dip, q) < - P). 

Proof. For each s G [0,1], there exists 14 G T^M such that exp,,. I 4 = 7 (s). We 
define a geodesic variation 


Set 


a{t,s) :=exp (tl4), (t, s) G [0,1] x [0,1]. 


d(7 d(7 

T’ := -^ = (exp;,),ty.l4: ^ = (exp,;,),ty, (il4), 


where 14 := 7 ^. It follows from Lemma FA. II that 


F(14)ds < / F(C/(1, s))ds < A max 


s-kid{x,j{s)) 


SG[0.1] d(a;, 7 (s)) Jq 


1 . skidix,jis)) r 

A ™i] dix,jis)) Jo 

(1) Suppose that 7 ( 5 ) is a minimal geodesic fromp to q. Note that t/(l, s) = 7 ( 5 ). 
Hence, 

F{Q-P)< [ F(14)ds, [ FiUil,s))ds = dip,q). 

Jo Jo 

(2) Suppose that exp“^( 7 (s)) is a straight line from P to Q. Thus, 

F{Q-P)= [ F{Vs)ds, [ F{U{l,s))ds > d{p,q). 


FiVs)ds. 


Clearly, (3) follows from (1) and (2). 


□ 


Recall the definition of curvature operator 7^ of a Finsler manifold (cf. [ZSj l: 
Given p G M and y G SpM. Let Pt-^y denote the parallel transformation along the 
geodesic 7 y(t) from TpM to T.y^^f-^M. The curvature operator TZ is defined by 

7^(^; y) := Pfiy o Rt o P^.y : y-^ 

where Rt '■= i?T(‘,T)T and := {W G TpM : gyiy,W) = 0}. 
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Lemma A.3. Set 


\m;y)x\U 




||7^(^;^/)|| := sup 

xey^-{o} 

where || • \\y := y/gy{-,-)- Thus, \\TZ{t]y)\\ < k. 

Proof. Let and {e„} denote the eigenvalues and eigenvectors of TZ{t-,y), re¬ 
spectively. Since TZ is self-adjoint, {ca} is an orthonormal basis for y^. Then 

”^(^1 y')^ct — ^aCa y^^aj Ca) — 

where (•,•) := gy{-,-). Note that 

K (P, Pt-.yecf) — gT{PT(,Pt;yOa^, Pt;yeof) — {P-if] y')^a, ^a), 
where T = fy{t). Hence, —k < £,a < k, which implies that ||7?.(t;y)|| < k. □ 

Using Lemma rA.dl and the same argument as in [Chal Theorem IX. 4.1, Corollary 
IX. 4.3], one can show that 

Lemma A.4. Consider the vector equation of g{t) G y^: 

g" + n{t, y)g = 0 . 

If g{0) = 0, then 

||? 7 (s) - sg'i0)\\y < ||r?'(0)||y • (s_fc(s) - s) 
for all s > 0, where || • ||y := \/gy{-,-). 

In particular, let A{t, y) be the solution of the matrix (or linear transformation) 
ordinary differential equation on y^: 

A" -f TZ{t; y)A = 0, 

-4(0; y) = 0, 

A'{0;y)=I. 

Then Pt-yA{t,y)X = (exp for any X G . Now we have the following 


Lemma A.5. Given y G SpM and X G y^, we have 


|(expp),tyA - Pf,yX\\^ < llxl 


where T := %{t) and || • ||t := ^/gri-,-). 

Proof. Set 77 := A{t;y)X. Clearly, 77 ( 0 ) = 0 and 77 ^( 0 ) = X. By Lemma lA.4[ we 
have 

\\A{t-,y)X - tX\\T < (s-fe(t) - t) ||X||t. 

It should be noted that ||IU||t = ||^t;ylU||T for any W G TpM. Hence, 


Pt-,yA{t;y)X 


- Pf,yX 


< 


S-k{t) 


-1 ||A||t. 


□ 


Remark 4. If A = ky for any k gM., then 

(expj,).,.^^ A — P^.yX. 

Hence, Lemma FA.51 holds for all A G T^M. 
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Corollary A.6. Given y S SpM and Y G where 0 < t < Then 

||(exp^),-,iy- ^ -1 ) iifiIt, 

where T := %{t) and || • ||t := \/gT{-,-)- 

Proof. Since 0 < t < there exists a unique X G TpM such that 

Y = {expp)»tyX. 

Then Lemma [A. II together with Lemma FA.SI yields that 

^||A - Pfip^YWr < ||(expp)*t,(X - Pfiy^Y)]^ = ||T - {exppUyPtfy^YWr 
= \\Pf,yPtfyY - {exppUyPtfyYWr 

< \\p-^^Y\\r = - l) rilr. 

□ 


Lemma A.7. Let j(t), t > 0 be a unit speed speed geodesic. Then there exists 
two positive constants t = t{n, k, A) such that for any Jacobi field J(t) along 7 with 
J(0) = 0, we have 

\\J{t)-tf{t)\\T<^\\J{t)\\T, tG[0,t], 
where T := ■f{t) and || • ||t := •)■ 


Proof. Clearly, we have 

j^gxiAt) - tJ'it), J{t) - tj'{t)) < 2||tJ"(t)||T • IIJW - tJ'{t)\w, 

which implies that 

||| J(t) - tJ'(t)||T < ||W"(t)||T = ||tPT(J,T)r||T. 

Lemma FA.SI implies that 


||PT(J,r)T||T = ||PToPt;yAJ(0)||r = ||P(t;2/)AJ(0)||T < A: • || J(t)||T. 

From above, we obtain 

|||J(t)-tJ'(t)||T<fct||J(t)||T. (A.l) 

The Rauch comparison theorem yields 

||J(A)||T<||J'(0)||T-S_fe(t), 
for t G [0, (lA.ip then furnishes 


-||J(t)-tJ'(t)||T<fc||J'(0)||T-te_fc(t), 


which implies that 


||J(t)-AJ'(A)||T<^-||^'(0)||T 


< 


Vk t cosh Vk t — sinh ^/k t 
\/k t cosh ^/k t — sinh y/k t 


y/k-Skit) 


IkWIlT. 
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Since 

'/k t cosh ^/k t — sinh \/k t 

lim -7=-= 0, 

t-s-o+ Vk-Sk{t) 

there exists some t = i(n, k, A) S (0, such that for t G [0, t]. 


0 < 


Vk t cosh \/k t — sinh Vk t 
Vk-Sk{t) 


1 


□ 


Appendix B. Some estimates on Berwald manifolds 

In this section, we always assume that (M, F) is a Berwald manifold with |Km| < 
k and Ap < A. 


Lemma B.l. Given X, Y, W and T G SpM, we have 

\Rt{X,Y,T,W)\ < ‘^Aik{l + ^^Af. 

Proof. Lemma FA.SI yields that 

\RuiX,Y,T,X)\ = \guiR{T,X)X,Y)\ < \\R{T,X)X\\u ■ ||F||c/ < A^ ■ k, (B.l) 


where || • ||(7 := gui', ')• ^ direct calculation shows that 

6i?r(A, r, T,W)=- Rt{W + X,Y,W + X,T) + Rt{W -X,Y,W-X, T) 
- Rt{T - X,Y,T - X,W) + Rt{T + a, r, t + a, W). 

Then (IB. II) furnishes that 


\Rt{W + X,Y,W F X,T)\ = 


( IT + A IL + A \ 

^\F{W + X)’ ’A(tT + A)’ J 


F‘^{W + X) 


< A^k[F{W) + F{X)f = AA^k. 


\Rt{W - X,Y,W 


X,T)\ 


( w-x w-x \ 
\F{W-X)’ ’i^(IT-A)’ J 


F^{W-X) 


< Ah[F(W) + Fi-X)f = A5fc(l + VA)2. 


Hence, we obtain 

\Rt{X,Y,T, W)\ < ^Ah{l + VA)^. 

□ 


Lemma B.2. Let Y(t) be a smooth vector filed along a constant speed geodesic 
7 (t). Then 

< IIVtHII, 

where V is the Chern connection, T := fit) and || • || is the norm induced by the 
average Riemannian metric g. 
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Proof. Denote by Pt the parallel transportation along 7 from T^(o)M to 
Choose a basis {ei} for T^(o)M. Then Ei{f) := PtCi, 1 < z < n, is a basis of T.y(^t)M. 
For any w S Tly(o)M — { 0 }, we have 

^5(7(4),“ p(^p Txi) Ej{t),'^jPtw) = 0. (B.2) 

Since (M, F) is a Berwald manifold, 

Pt{B.y(^Q'^M) = Vol(a;) = const, 

where B^M := {y G T^M : E{x,y) < 1 } and Vol(a:) is the Riemannian volume of 
SxM (see [Sj Lemma 5 . 3 . 2 ] and IBCj l. Denote by (y*) (resp. (2*)) the corresponding 
coordinate system in r.y(o)M (resp. T.y(t)M) with respect to {ci} (resp. {Ei}). 
Thus, o Pt = yb Now (IB. 2 |) together with Stokes’ formula yields 

97(t){Eiit),Ej{t)) = A---Adz” 

~ / 9{~/{t),Ptw){Pt^i, Ptej)Pt dz A ■ ■ ■ A P^ dz 

=Tn7~uE\ / ff(7(o),«;)(eoej)dy^ A---Ady” =y.y(o)(ei,ej), 

voH7^Ujj 

which implies that 

2ni|||y|| = |5^(,)(y(f),y(t)) = 2y^(,)(VTF,r) < 2 ||VtT|| • ||r||. 

□ 


Remark 5 . For the Busemann-Hausdorff measure, the S-curvature of a Berwald 
manifold always vanishes (see IS])- The same argument as above implies that for the 
Holmes-Thompson measure, the S-curvature of a Berwald manifold also vanishes. 

Lemma B. 3 . Given three points pi, p2 and p^ in M, let aij(t), 0 < t < 1 denote 
the minimizing constant speed geodesic from pi to pj. We construct a geodesic 
variation <j{s,t) ■ [ 0 , 1 ] x [ 0 , 1 ] -A- M: 


(1) cr(s, 0) = Pi and a(s, 1) = ps; 

( 2 ) Let p4 be the mid point in ais, that is, d(j)i,p4) = d(p4,p^). Let 0-24(5), 
s G [ 0 , 1 ] be the minimal geodesic from p2 to p4. For each s G [ 0 , 1 ], o-s(t), t G [ 0 , i] 
be a constant geodesic from pi to 0-24(5), and as{t), t G [^, 1 ] be a constant geodesic 
from 0-24(5) to P3. Hence, <Js(t), t G [ 0 , 1 ] be a piecewise geodesic from pi to p^. 


Suppose that C Bp^{R), where R < min{iM, Given a vector in 

X G Tp^M, Set X13 := Pa-isX and X123 := Pa^sPai^.^> where Pa^^ is the parallel 
translation along aij. Then there exits a positive number £(n, k, A) such that 

EiXi 23 - X13) < €{n, k, A) • Fix) - R\ 


Proof. Step 1 . Set T := U := o-,^. It should be noted that C/ is a Jacobi 

field. Since Ap^p^pg C i?+(i?), we have F{T) < iR^/X < Clearly, 



—0-24(5), d{p2,P4) 
as 



ds = F ^^^24(5) 


U 
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Hence, 


F U 


1 

^’2 


< 


2 RVA. 


(B.3) 


Note that for each fixed s G [0,1], there exists Yg G Tp-^M such that 

I 


U{s,t) = (exppJ^ 2 tT(*.o) 
It follows from Lemma FA . 1 1 that 


tYs, t G 


0 ,; 


F{tYg)< 


SkitFiT)) 

which together with (IB.31) then yields that 


F{Yg) < 2A 


F{T) 


skanT)) 


F U s 


27rA2 

< — ^R. 


Vk 


Using Lemma EH again, we obtain that for s G [0,1] and t G [0, i], 

F(U(s,t)) < F(tYg) < 2s-k f-^)A^R. (B.4) 


tF(T) 


\2^fkJ 


By consider the revised metric F{y) := F{—y), the same argument then yields that 
(IB.41) holds for s G [0,1] and t G [ 5 ,1]. 

Step 2. Let Xt{s) =: denote the vector field on fT([0,1] x [0,1]) induced 

by the parallel transformation along as(t). Thus, for any fixed t G [0,1], we have 

d 


XgXt := VuXt = 


dXl 


+ XiVYU^ 


ds ' ' * 

Since Alo(s) = X and vAi(s) G Tp^M, it is easy to see that 

dXi 


lim XgXt = 0 , lim XgXt = 
*->■ 0 + t-yl- ds 


(s). 


(B.5) 


Lemma FB.21 together with (jB.5|) implies 
/•l-e J 


f.l-£ 


|V,X 


s^t\\t=l-e — 


dt 


\VsXt\\dt< 


WVrXuXtWdt 




r*l-e 


\]RiT,U)Xt\\dt<VA I \\R{T,U)Xt\\Tdt, (B. 6 ) 
lo Jo 

where || • || is the norm induced by the average Riemannian metric g. 

Let {ci} be a ^T-orthonormal basis for a fixed tangent space. Set Z := R{T, U)Xt. 
Lemma FB.II together with (El furnishes 

\\Z\\t < ^ \\ 9 T{Z,ei) ■ eiWr = ^ e,, T, 17)| 


= E 


^ u \ 

^ \F{Xty F{e^y F{Ty F(U)) 


■ F{Xt) ■ F{ey ■ F{T) ■ F{U) 


< Cl ■ F{X) ■ 

where Ci = Ci{n, k, A) is a constant. (IB.61) then implies 

lim sup ||V«Xt||[/ < C 2 • F{X) ■ Ry 


(B.7) 


where C 2 = C 2 {n,k,A) is a constant. 
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Using (IB.5I1 and (IB.7|) . we have 

F(X(1,1)-X(0,1))<^ F ds 

= [ lim F {VgXt) ds < VA f limsup || V^Xdlcis < Ca • F(X) • 
Jo Jo 

where C 3 = ■ € 2 - 


□ 
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